Abstract-This paper presents a method and a corresponding algorithm for constructing volume forms (and related forms that act as kernels of integral representations) on toric varieties from a convex integer polytope. The algorithm is implemented in the Maple computer algebra system. The constructed volume forms are similar to the volume forms of the Fubini-Study metric on a complex projective space and can be used for constructing integral representations of holomorphic functions in polycircular regions of a multidimensional complex space.
INTRODUCTION
In algebraic geometry, toric varieties are objects with a relatively simple (depending on restrictions imposed) combinatorial structure. They are commonly used for solving various problems of multidimensional complex analysis, particularly, for constructing integral representations in certain regions of the multidimensional complex space, which are associated with volume forms on toric varieties, and for residues. Methods for constructing such complex objects, however, are entirely based on the combinatorial structure of toric varieties (see [1] [2] [3] ) and can be implemented using clearly defined algorithms (see [4] [5] [6] ). Except for some simple cases, computations needed to obtain a desired result are cumbersome and time-consuming; therefore, the construction of the corresponding algorithm and its software implementation is of interest. Implementation of such an algorithm in a computer algebra system makes it possible to carry out computations with parameter expressions and, hence, to obtain parametric classes of desired objects.
In this paper, simplicial projective toric varieties are coded by convex integer polytopes (Newton polytopes). Such an n-dimensional polytope can be defined by a list of coordinates of its vertices and by a list of sets of vertices that define its -dimensional faces (hyperfaces). This paper presents an algorithm for constructing a volume form (and a corresponding kernel of an integral representation) on a toric variety with the use of the method [6] implemented in the Maple computer algebra system.
The main algorithm is composed of the following components (operations) implemented as individual algorithms: the construction of a toric variety fan from a Newton polytope, the construction of a toric variety from its fan, and the construction of a volume form and a corresponding differential form (kernel of an integral representation) from a toric variety.
SOME WELL-KNOWN FACTS
It is well known [12, 13] the Euler form and  are the homogeneous coordinates of  the point . Here, , and are related by . The Bochner-Martinelli form is a "reference" form of degree in the set \{0}, which is a bundle over with a fiber that is a one-dimensional torus \{0}. In other words, = , where = , is a transformation group formed by diagonal matrices. Thus, the Bochner-Martinelli form is associated with the projective space: the kernel of representation (2.1) is the product of the volume form on the basic variety multiplied by the Cauchy kernel in the fiber.
The projective space is a special case of a toric variety. In the general case, an n-dimensional toric variety is a factor space [1] :
Here, is the union of certain coordinate subspaces in and is the group isomorphic to the torus , . In fact, the action of the group determines the equivalence relation, which, in turn, determines equivalence classes (elements of the factor space). The set Z and group G can be constructed from the fan with d generators or from a convex integer polytope dual to it. In more detail, the concepts of the fan, set , and group G are considered in the following section.
In [4, 5, 8] , various methods for constructing volume forms on toric varieties and reference forms in are discussed.
TORIC VARIETIES
There are several approaches to define toric varieties; however, all of them are based on the fact that algebraic properties of a toric variety are coded by a combinatorial object (fan).
Let N be a lattice isomorphic to . A subset is said to be a strongly convex rational polyhedral cone if there is a finite set of elements of the lattice N that generate , i.e., and the cone does not contain nontrivial linear subspaces. A face of the cone is its subset for which some in the definition of are zero; such a relation is written as . The dimension of the cone is the
dimension of the minimum subspace in that contains this cone. The cone is said to be simplicial if its generators can be chosen to be linearly independent.
The fan in is a nonempty finite set of strongly convex rational polyhedral cones in for which the following conditions hold:
1. the faces of the cone also belong to ; 2. the intersection of two cones from is a face for each of them.
The set is called a support of the fan .
The dimension of the fan is the maximum dimension of its cones. A fan is said to be simplicial if all its cones are simplicial. If the support of a fan in coincides with the whole space, then the fan is called complete.
Each n-dimensional fan corresponds to a particular n-dimensional toric variety . Let the cones in be generated by d minimum integer generators (vectors)
. Each vector is made to correspond to the complex variable . For the n-cone , consider the monomial Let us denote by the null set of the ideal generated by the monomials in , i.e.,
Obviously, consists of coordinate planes of various dimensions.
In this case, if the n-dimensional fan is simplicial and complete, then there is an equivalent construction for [9] . A set of one-dimensional generators is said to be primitive if all of them generate no cones from , but any proper subset does. Then, the set coincides with the set of coordinate planes where the union is taken over all primitive sets.
By definition, the group G acting on equals where is the group of divisor classes of the variety , i.e., the factor group of principal divisors of by the subgroup of divisors of rational functions. In the general case, this group is difficult to evaluate;
however, according to [2, 3] , for the toric variety associated with , this group is found from the exact sequence where is the lattice dual to N and the mapping of is written as = .
Therefore, the group of divisor classes is written as and is a sum of a free Abelian group of rank r = d -n and a finite Abelian group.
If contains at least one primitive n-dimensional cone (such that its generators generate the whole lattice), then ℤ / according to where are the linear forms that define the n-dimensional kernel . Therefore, the group G is isomorphic to .
To describe the action of this group, consider the lattice of relations between generators of the cones in or, in other words, r linearly dependent relations between over Z: Thus, on , the group G determines the equivalence relation (3.2) According to [2] , if the fan is simplicial, then the factor space where Z( and are constructed as described above, is an algebraic variety and are the homogeneous coordinates of the classes . We use this representation as a definition of the simplicial toric variety. The set can be regarded as a bundle over the base with a fiber isomorphic to . This allows constructing, by analogy with (2.1), a kernel with singularities on provided that the volume form is defined on . For this purpose, embed into the toric variety so that the set lies in a certain affine map and lies at infinity relative to the map. In this case, the homogeneous coordinates of coincide with the affine coordinates. The algorithmic implementation of the structure (particularly, the fan ) was proposed in [10] .
For projective toric varieties, the volume form can be constructed naturally. The projective toric variety allows closed embedding into the projective space [3] , and its fan has a dual polytope. Moreover, it is conve- nient to start constructing the variety with the polytope. Let be an n-dimensional simple (n edges converge at each vertex) integer polytope in . Its dual fan consists of n-dimensional cones that are defined as follows: for each vertex, there is a cone in that is generated by inner normals to n edges converging at that vertex. The union of such cones with all their edges is a complete simplicial fan.
VOLUME FORMS
The fan dual to the simple integer polytope encodes the compact simplicial projective toric variety . The volume form of the Fubini-Study metric on the projective space induces the volume form on [6] . Let us number the points of the polytope and consider the following embedding of the complex algebraic torus into :
where the arbitrary nonnegative parameters are such that the Newton polytope of the Laurent polynomial coincides with (to this effect, it is necessary and sufficient that the coefficients of the monomials corresponding to the polytope vertices are nonzero). A closure of the image of in is an image of .
Algorithm 2. Algorithm for toric variety construction from the fan
Input: List of vectors (one-dimensional generators of the fan) and list of sets of vectors that define the maximum-dimensionality cones in the fan. Output: Number d, list of relations that define the set , and list of monomials for parameters that determine the action of the group G. 
The form is positive on ; even though it can vanish at certain points of , this fact does not affect the value of the integral:
It can be easily shown [6] that this integral, the value of which we call the volume of , equals . However, to construct the integral representation associated with , this form must be evaluated. the number of elements in 3:
length of ▹ lengths must coincide for all
4:
▹ L = 
, , , , , , To verify this, it is sufficient to subtract from each row, the first one multiplied by the first element of that row and, then, to expand the determinant in terms of the first column. Let us factor out the denominator of the elements in the first column; the matrix of the remaining determinant is a product of the following two and matrices: .
According to the Cauchy-Binet formula, the determinant of this product is a sum of products of certain -minors of these matrices. Thus, the volume form (taking no account of the coefficient ) equals (4.1) where , the sum is taken over all increasing sequences of indices , and is the matrix composed of the corresponding columns of the matrix At the same time, we obtain a new proof of the integral formula for [11] . Indeed, by rewriting (4.1) in polar coordinates and by integrating over angular coordinates, we obtain 
α α and by using [6, Proposition 3], we come to the following assertion.
Proposition. Now, we construct a "canonical" differential form from the volume form on . Let us assume that the generators of the cone generate the base N. By , we denote the exterior product of the Cauchy kernels for all , expect those corresponding to the generators of the cone . Hence, the form
is the kernel of the integral representation in (see [6] ). Note that the form is written here in the homogeneous coordinates , while, in formula (4.1), it is written in the local coordinates z of the torus . The connection between the homogeneous and local coordinates is given in (3.2) and follows from relations (3.1) between the generators of the cones in . Thus, to evaluate , one should first substitute the variables in and, then, multiply the result by the r-dimensional Cauchy kernel.
EXAMPLES
The algorithms described above were tested on the examples given below. The algorithms were implemented in the Maple 18 (64 bit) system (the complete code of the program is available at https://www.dropbox.com/s/mzfhbc362smeymv/volume.mws).
The computations were carried out on a computer with Intel Core i7-4790 (3.6 GHz) and 32 Gb RAM under control of Windows 7 Enterprise x64 SP1. The computation time varied from 0.01 to 0.03 s. 
P P
The input data for the program are the same as the input data for Algorithm 1. For instance, in the case of the polytope shown in Fig. 2 [1, 2] , [2, 3] , [3, 4] , [4, 5] , [5, 1] ].
Here, the first list contains coordinates of the polytope vertices, which are given in arbitrary order. The second list contains sets of ordinal numbers of the vectors from the first list, which form the polytope hyperfaces. For instance, [1, 2] means that the vectors [0, 0] and [2, 0] form a hyperface (in this case, a onedimensional face, or an edge) of the polytope.
Example 1: The volume form for and the corresponding kernel in ( ).
Let be a standard simplex in . Its dual fan with generators encodes the projective space (generators of any cone of the maximum dimensionality generate the entire lattice). The volume form on the projective space coincides with the Fubini-Study volume form (2.2), the projective space is embedded at infinity into , and the form is the Bochner-Martinelli kernel (2. [1, 2] , [2, 3] , [3, 4] , [4, 1] ]. Following the above-described procedure, we define the differential form on as a preimage of with respect to the mapping :
The volume of defined by this form equals . Note that the form obtained does not coincide with the product of volume forms on each (they coincide only for ), although the volume is the same. 
